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We study the linear response of interacting active Brownian particles in an external potential
to simple shear flow. Using a path integral approach, we derive the linear response of any state
observable to initiating shear in terms of correlation functions evaluated in the unperturbed system.
For systems and observables which are symmetric under exchange of the x and y coordinates, the
response formula can be drastically simplified to a form containing only state variables in the corre-
sponding correlation functions (compared to the generic formula containing also time derivatives).
In general, the shear couples to the particles by translational as well as rotational advection, but
in the aforementioned case of xy symmetry only translational advection is relevant in the linear
regime. We apply the response formulas analytically in solvable cases and numerically in a specific
setup. In particular, we investigate the effect of a shear flow on the morphology and the stress
of N confined active particles in interaction, where we find that the activity as well as additional
alignment interactions generally increase the response.
PACS numbers: 05.40.-a, 05.40.Jc, 05.70.Ln, 82.70.Dd, 83.50.Ax, 87.10.Mn
I. INTRODUCTION
Many systems found in nature are inherently open and
thus operate out of equilibrium. Among them, active sys-
tems are driven by energy dissipation at the level of each
of their individual components. This strong form of driv-
ing at the small scale leads to original collective behaviors
at larger scales, from flocking [1, 2] to spontaneous bac-
terial flows [3, 4] and many more (see, e.g., Refs. [5–7]
for recent reviews).
To better comprehend and manipulate active matter,
it is important to understand how it responds to external
perturbations. The response of a system to shear is of
particular interest since it tells us about the rheology
of the fluid under consideration [8, 9]. In that respect,
active fluids exhibit surprising properties. In particular,
the dipolar forces exerted by swimmers in a solution can
lead to an increase [10] or a decrease in viscosity [11], even
turning the solution into a superfluid [12]. This may be
of particular relevance for blood flow [13].
The rheology of active fluids can be understood quali-
tatively through analytic arguments [14, 15] and numer-
ical simulations [16, 17] but the quantitative prediction
of transport coefficients remains mostly out of reach. To
this aim, response relations are particularly useful since
they allow to compute the average response of a system
in terms of correlation functions in the unperturbed sys-
tem. When considering perturbations of an equilibrium
system, these are the celebrated fluctuation-dissipation
theorems [18–20] and Green-Kubo relations [20–22]. Ex-
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tending such relations to describe the perturbation of
nonequilibrium steady states has been the subject of in-
tense research [23–35] and is the topic of the present ar-
ticle. Note that activity itself is sometimes treated as
a perturbation parameter [36–38]. This is not the case
here as we consider perturbations close to nonequilibrium
steady states with potentially high activity.
In this work, we study the linear response to shear of
a collection of active, i.e., self-propelled, Brownian parti-
cles (ABPs). This model of “dry” active matter (neglect-
ing the effect of a solvent) has become a workhorse for
studying active systems [6, 7], including important phe-
nomena such as motility induced phase separation [39]
which was also found for colloidal swimmers [40]. The
microscopic mechanisms of swimming motion, and the ef-
fects of hydrodynamic interactions are yet a diverse field
of research, see, e.g., Refs. [5, 6, 41–46].
Using path integral techniques, we derive here a gen-
eral formula, valid for any interaction and external po-
tentials, to compute the linear response to shear in terms
of correlation functions evaluated in the unsheared sys-
tem. In the special case where the situation is symmet-
ric under exchange of the x and y axes, the response
formula simplifies such that it contains only static vari-
ables (no velocities) and is not affected by shear rotation.
As we show, the formula recovers results previously de-
rived in the literature for one ABP in a shear flow in
free space [47] or confined by a harmonic potential [48].
Our work complements that of Ref. [49], which derived,
in another model of active particles, a response relation
for perturbations via a potential (not shear). Further,
we apply our response formula to N interacting particles
confined in a harmonic potential in two space dimensions.
We compute the average of
∑N
i=1 xiyi, where (xi, yi) is
the position of particle i, to quantify the effect of shear
on the morphology of the suspension. We also numeri-
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2FIG. 1. The system under consideration: interacting active
Brownian particles (red circles) exposed to simple shear flow
(white arrows) with shear velocity γ˙y. Top: Schematic repre-
sentation of N particles. Bottom: Schematic representation
of a single particle with heading uˆ.
cally check the consistency of our results, and therefore
the response formula, by computing the response directly
in the sheared system.
The paper is organized as follows. In Sec. II, we de-
scribe the model and introduce relevant physical quanti-
ties. Section III contains a detailed derivation and dis-
cussion of the response formulas. The formulas are then
applied analytically to single-particle systems in Sec. IV,
and numerically to a many-body situation in Sec. V. We
close this manuscript by a summary and conclusions in
Sec. VI.
II. SYSTEM AND MODEL
We consider N overdamped active Brownian parti-
cles, subject to interactions and external forces. For
simplicity, we provide the derivation and explicit exam-
ples for a two-dimensional system, which is relevant to
many experiments [50–53]. The generalization to ABPs
in 3D and also to more general active particle models
is given in Subsec. III E. Each particle thus has three
degrees of freedom: two translational (in the x and
y directions) and an angle ϕ parametrizing its head-
ing uˆ(ϕ) = (cos(ϕ), sin(ϕ))
T
in which the particle self-
propels with velocity v0uˆ(ϕ). The particles are further
exposed to a simple shear flow pointing in the x direc-
tion, with shear velocity γ˙y, where γ˙ is shear rate. A
schematic representation of the system is given in Fig. 1.
The flow both advects the particles and rotates
them [8]. The dynamics of the ith particle is then given
by the overdamped Langevin equations [47, 48]:
x˙i = γ˙yi + v0 cosϕi + µtF
int
ix + µtF
ext
ix + µtfix, (1a)
y˙i = v0 sinϕi + µtF
int
iy + µtF
ext
iy + µtfiy, (1b)
ϕ˙i = − γ˙
2
+ µr(Mi + gi), (1c)
where F intiα and F
ext
iα denote inter-particle and external
forces on particle i in direction α. We allow for very
general forces that need not arise from potentials and can
depend on positions and orientations of the particles,
i.e., F intiα = F
int
iα (x1, . . . , xN , y1, . . . , yN , ϕ1, . . . , ϕN )
and F extiα = F
ext
iα (xi, yi, ϕi). Mi =
Mi(x1, . . . , xN , y1, . . . , yN , ϕ1, . . . , ϕN ) is the torque
acting on particle i, which can also depend on positions
and orientations of all particles. The first term on the
right-hand side of Eq. (1c) is the aforementioned rotation
due to shear, where the prefactor of 12 can be derived
by considering an isolated particle in shear flow [8]. µt
and µr denote microscopic translational and rotational
mobilities, respectively. The stochastic terms fiα and gi
are uncorrelated Gaussian white noises with moments
〈fiα(t)〉 = 0, 〈fiα(t)fjβ(t′)〉 = 2Dt
µ2t
δijδαβδ(t− t′), (2a)
〈gi(t)〉 = 0, 〈gi(t)gj(t′)〉 = 2Dr
µ2r
δijδ(t− t′), (2b)
where Dt and Dr are the translational and rotational dif-
fusion coefficients and the averaging 〈. . . 〉 is with respect
to noise realizations.
III. LINEAR RESPONSE TO SHEAR FLOW
A. Preliminaries
We want to compute the linear response of the collec-
tion of active Brownian particles described in the pre-
vious section to shear flow, applied for t ≥ 0. We
denote the state of the system at time t by Γ(t) ≡
{x1(t), . . . , xN (t), y1(t), . . . , yN (t), ϕ1(t), . . . , ϕN (t)} and
introduce the following averages of a state observable
A(t) ≡ A(Γ(t)): 〈A(t)〉0, 〈A〉st, 〈A(t)〉(γ˙)0 , 〈A(t)〉(γ˙)st . The
lower index, 〈. . . 〉0 or 〈. . . 〉st, indicates that the system
either started in a specific configuration Γ(0) at t = 0 or
was in the unperturbed steady (stationary) state at t = 0,
respectively. In the latter case, the averaging involves av-
eraging over the initial steady-state ensemble. The up-
per index 〈. . . 〉(γ˙) indicates that the system is sheared for
t ≥ 0, while 〈. . . 〉 denotes an average in the unsheared
system. This notation is used in the same way for time-
dependent correlations C(t, t′) ≡ A(t)B(t′). See Table I
for details.
In the following, we compute the responses 〈A(t)〉(γ˙)0 −
〈A(t)〉0 and 〈A(t)〉(γ˙)st − 〈A〉st to linear order in γ˙ using
the path integral representation of the dynamics.
3TABLE I. Description of the different types of averaging
Average (t ≥ t′ ≥ 0) Description
〈A(t)〉0, 〈C(t, t′)〉0 Average over noise realizations in the
unsheared system given a specific ini-
tial condition Γ(0) at time t = 0
〈A〉st, 〈C(t− t′)〉st Average over noise realizations in
steady state of the unsheared system
〈A(t)〉(γ˙)0 Average over noise realizations in the
sheared system given a specific initial
condition Γ(0) at time t = 0
〈A(t)〉(γ˙)st Average over noise realizations in the
sheared system given a steady-state
ensemble at time t = 0. Letting
t → ∞, 〈A(t)〉(γ˙)st then approaches its
steady state value under shear
B. Linear response from the path integral
representation
Linear response theory using path integrals has been
treated previously, see Ref. [28]. We provide the following
derivation for completeness. For conciseness, we use more
general notations in this section. We consider a system of
N˜ stochastic variables Γ = {x1, . . . , xN˜} obeying coupled
Langevin equations,
x˙i = Fi(Γ(t), t, λ) + fi(t), i = 1, . . . , N˜ , (3)
where Fi(Γ(t), t, λ) can depend explicitly on time as well
as an external parameter λ. The noises fi are indepen-
dent Gaussian white noises with moments
〈fi(t)〉 = 0, 〈fi(t)fj(t′)〉 = 2αiδijδ(t− t′). (4)
For simplicity, we assume the noise variance αi to be
independent of Γ and t, so that we do not need to specify
an interpretation for the stochastic equations. Extension
to the case where αi depends on Γ (multiplicative noise)
is straightforward, although more technical [54].
As before, we denote by Γ(t) the state of the system
at time t for a given noise realization. In addition, we
denote by {Γ} the full history (the path) of the system
on the time interval [0, t] for a given noise realization.
The average 〈A(Γ(t))〉(λ)0 given an initial condition Γ(0)
can then be written as [55]
〈A(Γ(t))〉(λ)0 =
∫
Γ(0)
DΓA(Γ(t))W (λ)({Γ}), (5)
where DΓ ≡∏N˜i=1Dxi is the functional integration mea-
sure and W (λ)({Γ}) is the path weight. The latter follows
from standard procedures, e.g., the Martin-Siggia-Rose-
Janssen-de Dominicis (MSRJD) approach [55–58] or the
Onsager-Machlup approach [59, 60]. Defining
Xi(t, λ) ≡ x˙i(t)− Fi(Γ(t), t, λ), (6)
one obtains for the path weight the celebrated Onsager-
Machlup functional [59]
W ({Γ})(λ) ∝ e−A(t,λ),
A(t, λ) =
∫ t
0
dt′
N˜∑
i=1
1
4αi
X 2i (t′, λ), (7)
where A is the action of the system [61], and an under-
lying Ito¯ discretization has been employed. We can now
expand the path weight in powers of λ,
W (λ)({Γ}) = W ({Γ})
[
1 + λ
∫ t
0
dt′B(t′)
]
+O(λ2), (8)
where W ({Γ}) is the path weight of the unperturbed sys-
tem (given by Eq. (7) with λ = 0), and we have defined
B(t) = −
N˜∑
i=1
1
2αi
[
Xi(t, λ)∂Xi(t, λ)
∂λ
] ∣∣∣∣∣
λ=0
=
N˜∑
i=1
1
2αi
{
[x˙i(t)− Fi(Γ(t), t, λ)] ∂Fi(Γ(t), t, λ)
∂λ
} ∣∣∣∣∣
λ=0
.
(9)
Note that x˙i(t) − Fi(Γ(t), t, λ) can be replaced by fi(t)
according to Eq. (3). Inserting Eq. (8) into Eq. (5), we
find the linear response formula
〈A(t)〉(λ)0 − 〈A(t)〉0 = λ
∫ t
0
dt′〈A(t)B(t′)〉0. (10)
For a system initially in steady state, one has a similar
result, but with averages conditioned on being in steady
state at time t = 0, i.e.,
〈A(t)〉(λ)st − 〈A〉st = λ
∫ t
0
dt′〈A(t)B(t′)〉st. (11)
We emphasize that the unperturbed system does not
have to be in equilibrium for Eqs. (10) and (11) to hold,
so that the above derivation encompasses the case of ac-
tive particles perturbed by shear, as presented in Sec. II,
where λ corresponds to the shear rate γ˙ and W ({Γ}) is
the path weight of the unsheared active system.
Eqs. (10) and (11) have been derived previously via dif-
ferent means [27–29, 34] (see Eqs. (2) and (3) in Ref. [34])
and are thus in agreement with previous works.
It is worth noting that for a perturbation via a poten-
tial V (Γ(t), λ), one has −Xi∂λXi ∼ −(x˙i − Fi)∂xi∂λV ,
where the first term, −x˙i∂xi∂λV , is time-antisymmetric
and the second term, Fi∂xi∂λV , is time-symmetric. If,
additionally, the unperturbed steady state obeys de-
tailed balance, the two terms yield equal contributions
4[27, 28, 62], and B in Eq. (9) can be written as a to-
tal time derivative (using stochastic calculus with care
[63, 64]): the fluctuation-dissipation theorem is recov-
ered.
We thus emphasize that using response theory on
sheared active systems is challenging for two reasons:
shear cannot be written as a potential perturbation, and
the unperturbed system does not obey detailed balance.
C. Linear response of active particles to shear
We now apply the response formulas of the previous
subsection to the case of active Brownian particles under
shear, introduced in Sec. II, and look at the response to
small shear rate γ˙. Explicitly, we find that Eq. (7), for
the dynamics described by Eqs. (1), gives the Onsager-
Machlup action
A(t, γ˙) = 1
4
∫ t
0
dt′
N∑
i=1
[
1
Dt
[ (
x˙i(t
′)− γ˙yi(t′)− v0 cosϕi(t′)− µtF intix (t′)− µtF extix (t′)
)2
+
(
y˙i(t
′)− v0 sinϕi(t′)− µtF intiy (t′)− µtF extiy (t′)
)2 ]
+
1
Dr
(
ϕ˙i(t
′) +
γ˙
2
− µrMi(t′)
)2 ]
. (12)
By identifying the function B according to Eq. (9) and inserting it in expressions (10) and (11), one obtains the linear
response to shear flow,
〈A(t)〉(γ˙)0(st) − 〈A(t)〉0(st)
=
γ˙
4
∫ t
0
dt′
〈
A(t)
N∑
i=1
{
2
Dt
[
x˙i(t
′)− v0 cosϕi(t′)− µtF intix (t′)− µtF extix (t′)
]
yi(t
′)− 1
Dr
[ϕ˙i(t
′)− µrMi(t′)]
}〉
0(st)
,
(13)
where the subscript “0(st)” indicates the average given
that the unperturbed system is either in a state with an
initial condition Γ(0) or in steady state (see Table I).
The result of Eq. (13) generalizes traditional Green-
Kubo relations [20–22] to shear perturbations of active
Brownian particles. Indeed, in the passive limit, Eq. (13)
reduces to equilibrium relation (the limit is obtained by
setting the terms ∝ v0 and ∝ 1Dr to zero). The term ∝ 1Dt
is the response due to the advection of the particles by
the shear flow (described by the term γ˙yi in Eq. (1a)),
while the term ∝ 1Dr is the response due to the rotation
of the particles (described by the term − γ˙2 in Eq. (1c)).
Thus we see that, at linear order, shear translation and
shear rotation do not couple, as expected.
Eq. (13) becomes more intuitive when introducing the
following pseudo-force acting on particle i in Langevin
equations (1),
F˜i = F
s
i + F
int
i + F
ext
i . (14)
Here, we have formally interpreted the self-propulsion ve-
locity v0uˆi as a force, F
s
i =
v0
µt
uˆi. Inspired by the con-
ventional (interaction) stress tensor [65]
σintxy = −
N∑
i=1
F intix yi, (15)
which appears for sheared passive bulk systems, we intro-
duce a pseudostress tensor, whose xy component reads
σ˜xy = −
N∑
i=1
F˜ixyi = σ
s
xy + σ
int
xy + σ
ext
xy , (16)
where σ
(··· )
xy ≡ −∑Ni=1 F (··· )ix yi. In accordance with
Eq. (14), σ˜xy additionally contains external forces and
the self-propulsion (swim) force, as in Ref. [66]. Eq. (13)
then acquires the form
〈A(t)〉(γ˙)0(st) − 〈A(t)〉0(st) =
γ˙µt
2Dt
∫ t
0
dt′〈A(t)σ˜xy(t′)〉0(st)
+
γ˙
4
∫ t
0
dt′
〈
A(t)
N∑
i=1
{
2
Dt
x˙i(t
′)yi(t′)
− 1
Dr
[ϕ˙i(t
′)− µrMi(t′)]
}〉
0(st)
. (17)
5The terms in Eq. (17) have clear meanings in terms of
the various contributions to the pseudostress tensor σ˜xy
(compare the response formula for passive bulk systems
in terms of only σintxy [65]). Furthermore, a term ∼ x˙iyi
appears: it is time-antisymmetric, and is present because
the unsheared system does not obey detailed balance.
Last, the term ∼ ϕ˙i−µrMi appears because shear rotates
the particles, as mentioned before.
Finally, we note that, since we used the Ito¯ conven-
tion [55] to discretize the Langevin equations in deriv-
ing actions (7) and (12), the integrals in the response
formulas (10), (11), and (13) are stochastic Ito¯ inte-
grals [63, 64]. However, one can show that, in the case of
Eq. (13), these are equivalent to stochastic Stratonovich
integrals, and can hence be treated as standard Riemann
integrals [63, 64].
D. Response formula in terms of state variables
using symmetries
The linear response formula (17) contains instanta-
neous velocities, x˙i and ϕ˙i, which are not present in the
Green-Kubo formula for overdamped passive systems.
While these derivatives emerge from a well-defined pro-
cedure and can be measured in computer simulations,
they are typically not measurable in experiments. We
thus aim to give formula (17) in terms of state quanti-
ties which we expect to be more easily accessible. This
is possible for a specific class of systems and observables.
In order to obtain a total time derivative from the term
x˙iyi, we add to Eq. (17) the case of shear flow in y di-
rection with gradient in x, denoting averages of the lat-
ter by 〈A(t)〉(γ˙,y)0(st) . This yields x˙iyi + y˙ixi, and, because
the stochastic Ito¯ integrals in Eq. (17) are equivalent to
stochastic Stratonovich integrals [63, 64], we identify the
total time derivative∫ t
0
dt′
[
x˙i(t
′)yi(t′) + y˙i(t′)xi(t′)
]
=
∫ t
0
dt′
d(x(t′)y(t′))
dt′
= xi(t)yi(t)− xi(0)yi(0). (18)
We further note that the two shear flows exert opposite
torques, such that there is no net shear rotation when
both are applied. This fact and Eq. (18) allow us to
remove time derivatives from the response formula (17).
We then have
〈A(t)〉(γ˙)0(st) + 〈A(t)〉(γ˙,y)0(st) − 2〈A(t)〉0(st)
=
γ˙µt
2Dt
∫ t
0
dt′ 〈A(t) [σ˜xy(t′) + σ˜yx(t′)]〉0(st)
+
γ˙
2Dt
〈
A(t)
N∑
i=1
[xi(t)yi(t)− xi(0)yi(0)]
〉
0(st)
.
(19)
This simplification can be traced to the fact that, when
the shear flows in x and y are superimposed, the per-
turbation can be seen exactly as arising from a potential
V (Γ, γ˙) = − γ˙µt
∑N
i=1 xiyi.
For certain special cases, we can further simplify
Eq. (19). We therefore consider the case where a steady
active system is perturbed by shear for t ≥ 0. We also
restrict to systems which are xy symmetric, i.e., the
systems for which the external and interaction poten-
tials, giving rise to Fext and Fint, respectively, as well
as torques Mi are symmetric under interchange of x and
y (imagine interacting particles in a square box). These
criteria allow, e.g., for aligning interactions between par-
ticles, as used in Eq. (36) below. If, additionally, the
observable A is also symmetric under interchange of x
and y, e.g., A =
∑N
i=1 xiyi, then, by symmetry, the re-
sponses to shear flow in the x and y directions are equal,
〈A(t)〉(γ˙)st = 〈A(t)〉(γ˙,y)st . Eq. (19) then takes the desired
form of response to shear,
〈A(t)〉(γ˙)st − 〈A〉st =
γ˙µt
4Dt
∫ t
0
dt′ 〈A(t) [σ˜xy(t′) + σ˜yx(t′)]〉st
+
γ˙
4Dt
〈
A(t)
N∑
i=1
[xi(t)yi(t)− xi(0)yi(0)]
〉
st
.
(20)
Note that the term
〈
A(t)
∑N
i=1 xi(0)yi(0)
〉
st
is a station-
ary correlation function with time difference t, while the
term
〈
A(t)
∑N
i=1 xi(t)yi(t)
〉
st
is a stationary equal-time
correlation function, and is thus time independent.
As a final simplification, we point out that, for a spher-
ically symmetric interaction potential, the interparticle
stress tensor is symmetric, σintxy = σ
int
yx . Furthermore, for
a spherically symmetric external potential, we also have∑N
i=1 F
ext
ix yi =
∑N
i=1 F
ext
iy xi and the terms cosϕi(t
′)yi(t′)
and sinϕi(t
′)xi(t′) in Eq. (20) yield identical contribu-
tions, so that symmetrization of σ˜ is not necessary. We
thus have in this case
〈A(t)〉(γ˙)st − 〈A〉st =
γ˙µt
2Dt
∫ t
0
dt′ 〈A(t)σ˜xy(t′)〉st
+
γ˙
4Dt
〈
A(t)
N∑
i=1
[xi(t)yi(t)− xi(0)yi(0)]
〉
st
. (21)
Formula (21) is the most important result of this paper.
While Eq. (13) does not require the mentioned symme-
tries, Eq. (21) is significantly simpler, because it contains
only state variables. Moreover, it contains no response
to shear rotation. Note that, in addition to the specific
symmetry of the considered system and the observable A,
Eq. (21) also requires that the system is in steady state
before the shear flow is applied, as indicated.
The response formula (21) may be interpreted as a gen-
eralized Green-Kubo relation for interacting ABPs sub-
ject to an external potential. It differs from the tradi-
tional (equilibrium) Green-Kubo relation [22, 65] in two
6ways: the stress tensor σintxy is replaced by the generalized
one σ˜xy, and there is the second term in Eq. (21) that
is present because of the breaking of detailed balance in
the unperturbed system.
The use of Eq. (21) for unconfined systems is unclear
at the moment, because xiyi grows unboundedly with
the system size. While we use Eq. (21) to compute the
response in confined geometries in this paper (see the
examples below), investigating its applicability in bulk is
an important topic for future research.
Finally, we note that the details of the stochastic pro-
cess underlying the angle ϕ given in Eq. (1c) do not ap-
pear explicitly in Eq. (21). We will explore this obser-
vation in the next subsection, thereby finding that the
presented scheme is readily applied to a more general
setup, yielding Eq. (25) below.
E. Three space dimensions and more general
setups
While we have so far considered two spatial dimen-
sions, we aim here to derive the analog of Eq. (21) for
more general setups of spherical particles. This is in-
spired by the mentioned observation that Dr and µr are
absent in formula (21), suggesting its independence of
the details of the dynamics of the swim velocity vector.
We start with the multi-dimensional Langevin equa-
tion for position ri = (xi, yi, . . . )
T of particle i,
r˙i = κ · ri + ui + µtFinti + µtFexti + µtfi, (22)
where κ = γ˙xˆ ⊗ yˆ, given in terms of unit vectors, is
the shear-velocity tensor. ui is the swim velocity, and
Gaussian white noises fi satisfy
〈fi(t)〉 = 0, 〈fi(t)⊗ fj(t′)〉 = 2Dt
µ2t
Iδijδ(t− t′), (23)
with ⊗ denoting the tensor product and I being identity
matrix.
The swim velocity ui obeys its own stochastic process.
For the following arguments to be valid, we require the
process for ui to be random and unbiased in the absence
of shear, and its stochastic properties (e.g. its noise)
uncorrelated with the noise fi in Eq. (23). Furthermore,
with shear, ui may be subject to a shear-torque (compare
Eq. (1c)). When superposing two shear flows, κ = γ˙(xˆ⊗
yˆ + yˆ ⊗ xˆ), as done in Subsec. III D, this shear-torque
drops out. As a specific example, adding shear to ABPs
in three spatial dimensions as given in Ref. [37], these
conditions are naturally met, and Eq. (25) below is valid.
The total action A of the system can be written as the
sum of the action Ar following from Eq. (22), and Au
deduced from the swim velocity ui,
A(t, γ˙) = Ar(t, γ˙) +Au(t, γ˙). (24)
These parts are additive if the noise for ri in Eq. (23) is
uncorrelated with the process of ui. When superposing
the mentioned two shear directions, the dependence of
Au on shear rate drops out. Performing the perturba-
tion of Ar(t, γ˙) and following the procedures described
in Subsec. III D, one obtains the form of Eq. (21) with
v0 cosϕi(t
′) replaced by uix(t′). Specifically,
〈A(t)〉(γ˙)st − 〈A〉st =
γ˙µt
2Dt
∫ t
0
dt′ 〈A(t)σ˜xy(t′)〉st
+
γ˙
4Dt
〈
A(t)
N∑
i=1
[xi(t)yi(t)− xi(0)yi(0)]
〉
st
, (25)
where the swim stress tensor in σ˜xy is given by σ
s
xy =
−∑Ni=1 1µtuixyi.
IV. ANALYTICAL EXAMPLES
The main purpose of this section is to demonstrate
the use of the response formulas (13) and (21) for solv-
able analytical cases, namely for a single active particle
in free space or confined by a harmonic potential. Fur-
thermore, we complement the previously known results,
providing the transient regime of the response computed
in Subsec. IV B as well as correlation functions in Ap-
pendix A 2. Throught this section, we consider a two-
dimensional system and set the torque M = 0 and the
rotational mobility µr = 1 for simplicity.
A. Free active particle
We apply here Eq. (13) to compute the response to
shear of the mean displacement 〈x(t)〉(γ˙)0 − 〈x(t)〉0 for a
single free self-propelled particle, and show that the re-
sponse formula reproduces the result of Ref. [47], directly
computed in the sheared system.
Setting A = x and N = 1 in Eq. (13), and using Eq. (1)
to rewrite Eq. (13) in terms of random force and torque,
one has
〈x(t)〉(γ˙)0 − 〈x(t)〉0
=
γ˙
4
∫ t
0
dt′
〈2µt
Dt
x(t)fx(t
′)y(t′)− 1
Dr
x(t)g(t′)
〉
0
. (26)
Given the initial condition Γ(0) = {x(0), y(0), ϕ(0)}, the
correlation functions appearing in Eq. (26) can be calcu-
lated explicitly:
〈x(t)fx(t′)y(t′)〉0
=
2Dt
µt
[
y(0) +
v0 sinϕ(0)
Dr
(
1− e−Drt′
)]
, (27a)
〈x(t)g(t′)〉0 = 2v0 sinϕ(0)
[
e−Drt − e−Drt′
]
. (27b)
7Finally, performing the time integral in Eq. (26) gives
〈x(t)〉(γ˙)0 − 〈x(t)〉0 = γ˙
{
y(0)t+
v0 sinϕ(0)
Dr
×
[
t
(
1− 1
2
e−Drt
)
− 1
2Dr
(
1− e−Drt) ]}. (28)
This reproduces Eq. (11) in Ref. [47], which, as men-
tioned, was computed without use of the response theory.
B. Active particle in a harmonic trap
We compute similarly the response to shear of a single
active particle in a harmonic potential U ext = k2 (x
2+y2).
The system is assumed to be in steady state before shear
is applied. For concreteness, we focus on computing the
observable A(t) = x(t)y(t), which characterizes the shape
of the density distribution. We compute independently
the left and right-hand sides of Eq. (21) thereby verify-
ing the equation explicitly. The stationary limit of the
response was studied before in Ref. [48] and agrees with
our findings.
For this system, the Langevin equations (1) reduce to
x˙ = γ˙y + v0 cosϕ− µtkx+ µtfx, (29a)
y˙ = v0 sinϕ− µtky + µtfy, (29b)
ϕ˙ = − γ˙
2
+ g. (29c)
The corresponding solutions for t ≥ 0 read
x(t) = γ˙e−µtkt
∫ t
0
dseµtksy(s)
+ v0e
−µtkt
∫ t
−∞
dseµtks cosϕ(s)
+ µte
−µtkt
∫ t
−∞
dseµtksfx(s), (30a)
y(t) = v0e
−µtkt
∫ t
−∞
dseµtks sinϕ(s)
+ µte
−µtkt
∫ t
−∞
dseµtksfy(s), (30b)
and
ϕ(t) = ϕ(−∞)− γ˙
2
t+
∫ t
−∞
dsg(s). (30c)
For t < 0, the first term on the right-hand side of
Eq. (30a) and the second term on the right-hand side
of Eq. (30c) are absent. Since ϕ(t) never reaches sta-
tionary state, this variable depends on the initial condi-
tion ϕ(−∞). However, any observable A(x(t), y(t)) de-
pending only on the coordinates remains independent of
ϕ(−∞) in both the unperturbed stationary state and the
perturbed transient and stationary regimes, since this ini-
tial condition is forgotten for stationary values of x(t) and
y(t). For the observable A(t) = x(t)y(t), Eq. (21) reads
explicitly
〈x(t)y(t)〉(γ˙)st − 〈xy〉st
=
γ˙
4Dt
〈x(t)y(t) [x(t)y(t)− x(0)y(0)]〉st
− γ˙v0
2Dt
∫ t
0
dt′〈x(t)y(t) cosϕ(t′)y(t′)〉st
+
γ˙µtk
2Dt
∫ t
0
dt′〈x(t)y(t)x(t′)y(t′)〉st. (31)
In the following, we verify Eq. (31) by independently
computing both sides.
We start by computing the left-hand side of Eq. (31)
up to linear order in shear rate γ˙. We provide here only
the final result (computational details can be found in
Appendix A 1),
〈x(t)y(t)〉(γ˙)st =
γ˙Dt
2(µtk)
2
(
1− e−2µtkt)
+
γ˙v20
4(µtk)
2
[
D2r − (µtk)2
]{Dr (1− e−2µtkt)
− 2(µtk)
2
Dr + µtk
(
1− e−(Dr+µtk)t
)}
. (32)
Here, the first term is a passive contribution, while the
second term is due to activity (note the presence of v0 and
Dr and the absence of Dt). The term 〈xy〉st in Eq. (31)
vanishes by symmetry.
We then compute independently the right-hand side
of Eq. (31) in Appendix A 2, and find it to be identical
to Eq. (32). This verifies explicitly the validity of the
response relation (31).
We close this subsection with a discussion of the
physics contained in Eq. (32). First, one can show that
both terms (∝ Dt and ∝ v20) in Eq. (32) are nonneg-
ative, indicating that the activity increases the posi-
tive response of a passive particle and that the total
response is not negative. This means that, although
〈x(t)〉(γ˙)st = 〈y(t)〉(γ˙)st = 0, we have 〈x(t)y(t)〉(γ˙)st ≥ 0, be-
cause the shear flow couples the two directions and breaks
the isotropicity of the system. As a result of the shear
flow, the particle tends to be in the coordinate quadrants
where x and y are either both positive or both negative.
Also note that passive and active contributions enter the
response (32) independently, i.e., translational diffusion
and activity are not coupled (there are no terms con-
taining both Dt and v
2
0). We think that this could be a
feature of linear response, while in the nonlinear case one
may observe a coupling between these two contributions.
In order to visualize Eq. (32), we rewrite it in terms of
dimensionless parameters: τ ≡ µtkt (describing time in
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FIG. 2. Rescaled response, given by Eq. (33), of a sin-
gle active particle in a harmonic potential to shear flow as
a function of rescaled time τ after the flow is applied. The
results are given for different values of v˜20 and D˜r (the case
v˜20 = 0 corresponds to a passive particle).
units of the relaxation time 1µtk of the trap), Pe ≡
γ˙
µtk
(Pe´clet number), D˜r ≡ Drµtk (normalizing rotational relax-
ation time D−1r by the relaxation time
1
µtk
of the trap),
v˜20 ≡ v
2
0
Dtµtk
(comparing swim speed to translational diffu-
sion and the strength of the trap). Rescaling 〈x(t)y(t)〉(γ˙)st
by the unit of squared length, l2 ≡ Dtµtk , and dividing by
Pe, we rewrite Eq. (32) as
〈x(τ)y(τ)〉(γ˙)st
l2Pe
=
1
2
(
1− e−2τ)+ v˜20
4
(
D˜2r − 1
)
×
{
D˜r
(
1− e−2τ)− 2
D˜r + 1
(
1− e−(D˜r+1)τ
)}
. (33)
This function is plotted in Figure 2 as a function of τ
for different values of v˜20 and D˜r, thereby summarizing
the above discussions. One can see in Fig. 2 that the
response increases as D˜r decreases, because the active
motion becomes more persistent.
V. NUMERICAL EXAMPLE: INTERACTING
PARTICLES IN TWO SPACE DIMENSIONS
The potential utility of Eq. (21) lies in its application to
experiments and computer simulations of interacting par-
ticles, which we address in this section. We demonstrate
this numerically for a two-dimensional system of particles
trapped in a harmonic potential U ext = k2
∑N
i=1(x
2
i +y
2
i ),
and interacting with a short-ranged harmonic repulsion,
U intij (rij) =
kint
2 (rc−rij)2 for rij < rc (where rij is the dis-
tance between particle i and particle j 6= i) and U intij = 0
otherwise. A similar scenario has been studied in Ref. [34]
for passive particles.
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FIG. 3. Numerical results for a suspension of interacting
active particles (Mi = 0). Top: Response measured in the
sheared system for active particles with Dt = 1. The dashed
black line is a fit in the linear regime at small γ˙. Center:
Comparison of the response and correlations, i.e., the left-
hand and right-hand sides of Eq. (34), respectively. Bottom:
Detail of each term on the right-hand side of Eq. (34). Pa-
rameters: N = 10 particles, k = 1, kint = 0.5, µt = 1, and
v0 = Dr = µr = 1 for active particles. Time step dt = 0.02.
We take the radius of interaction rc = 1 as our space
unit, and choose k = 1 and the mobility µt = 1, thus
fixing the time and energy scales. The dynamics, Eq. (1),
is integrated using Euler time-stepping.
We measure independently the two sides of Eq. (21) for
A(t) =
∑N
i=1 xi(t)yi(t) in steady state (t → ∞) which
characterizes the distortion of the density distribution
due to the shear flow, and which is identified with σextxy in
Eq. (16), A(t) =
∑N
i=1 xi(t)yi(t) = σ
ext
xy . The boundary
term
〈
A(t)
∑N
i=1 xi(0)yi(0)
〉
st
in Eq. (21) is then irrele-
vant. It is illustrative to split Eq. (21) into its different
contributions,
〈A(t)〉(γ˙)st − 〈A〉st
γ˙
=
C1 + C2 + C3
4Dt
, (34)
9where
C1 =
〈
A(t)
N∑
i=1
xi(t)yi(t)
〉
st
, (35a)
C2 = −2v0
∫ t
0
dt′
〈
A(t)
N∑
i=1
cosϕi(t
′)yi(t′)
〉
st
, (35b)
C3 = 2µt
∫ t
0
dt′
〈
A(t)
[
σintxy (t
′)−
N∑
i=1
F extix yi(t
′)
]〉
st
.
(35c)
As in the previous section, due to the isotropicity of the
unsheared system, 〈A〉st = 0.
The results obtained for N = 10 particles interacting
with a spring constant kint = 0.5 for various Dt are shown
in Fig. 3 for both active (with v0 = Dr = µr = 1) and pas-
sive (v0 = 0) particles. The response is first obtained by
simulating the sheared system at different shear rates and
extracting the small γ˙ behavior as shown in Fig. 3 (top).
In Fig. 3 (center) we then compare to the right-hand side
of Eq. (34), obtained by measuring the appropriate corre-
lation functions in the unperturbed system. We find the
two measurements to agree perfectly, given the numerical
uncertainty.
First, Fig. 3 (center) shows that the response is pos-
itive and is increased by activity, as was observed for a
single particle in the previous section. Second, it is inter-
esting to compare the limits Dt → 0 in the passive and
active cases because they show qualitatively different be-
haviors. In the passive case, this corresponds to the zero-
temperature limit so that the system becomes frozen in a
minimal energy configuration. We find numerically that
both C1 and C3 in Eqs. (35a) and (35c) are proportional
to Dt in this limit (C2 vanishes for passive particles). As
a result, the two terms C14Dt and
C3
4Dt
become constant
at small Dt, as shown in Fig. 3 (bottom). In contrast,
active particles are still moving even at Dt = 0 so that
the correlators Ci do not vanish. As a result, each of the
terms on the right-hand side of Eq. (34) diverges when
Dt → 0 in such a way that the sum remains constant.
While confirming the applicability of Eq. (21) to many-
body systems, this analysis also highlights a limitation
of our formulation. Indeed, our derivation necessitates
a finite Dt, since the distributional description of par-
ticle trajectories relies on the presence of stochasticity.
However, Dt is often negligible in active systems, since
the particles’ motion in that case is primarily due to ac-
tivity [50, 51, 67]. It may thus be desirable to obtain
formulas valid for Dt = 0, as is done in Ref. [49] for a
different active particle model.
Next, we include alignment interactions modeled by
torques
Mi = −J
N∑
j=1(j 6=i)
sin(ϕi − ϕj), (36)
where the sum runs over particles in contact, i.e., with the
interparticle distance rij < rc. This torque arises from a
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i=1 xiyi
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ext
xy
lim
t→
∞
〈A
(t
)〉(
γ˙
)
st
J
FIG. 4. Numerical results for a suspension of interacting
active particles subject to alignment interactions given in
Eq. (36), as a function of strength of alignment J . Shown is
the response of the terms appearing in the pseudostress ten-
sor σ˜xy defined in Eq. (16): the swim stress tensor σ
s
xy, the
conventional interaction stress tensor σintxy , and the external
stress tensor σextxy . The latter equals the observable studied
in Fig. 3, i.e., σextxy =
∑N
i=1 xiyi. Parameters as in Fig. 3 and
Dt = 1.
typical “spin”-interaction, formed by scalar products of
particle orientation vectors uˆi, and is hence symmetric
under interchange of x and y coordinates. Formula (21)
can therefore be applied.
Additionally to σextxy , we compute also σ
int
xy and σ
s
xy de-
fined in Eq. (16). The results are given in Fig. 4. First,
we note that the magnitudes of all stress tensor compo-
nents increase with the alignment. We may expect that
strong alignment renders the particle cloud into an elon-
gated shape, which is more susceptible to shear. The
saturation for large values of J is expected, as, once all
velocities are perfectly aligned, increasing J has no effect.
Notably, the interaction stress σintxy remains zero within
errors. While this appears plausible, in the sense that
the external force balances the shear force in Eq. (1), we
are not aware of a proof that σintxy = 0 exactly.
VI. CONCLUSION
In this paper, we have studied the linear response to
simple shear flow of interacting active Brownian parti-
cles with external forces. The path integral formalism
yields, in two space dimensions, the linear response for-
mula (13) relating any time dependent state observable
of the sheared system to correlation functions of the un-
sheared system.
For systems and observables obeying xy symmetry, the
initial response formula was shown to simplify such that
the final result, Eq. (25), contains only state variables
and is valid in any space dimension and for a wider set
of activity models. This simplification is a consequence
of the fact that shear in the x direction and shear in
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the y direction, having opposite torques, are equivalent
for xy symmetric systems and observables. This form of
the response formula is particularly advantageous since
it involves quantities that are typically easier to measure.
Next, we investigated the morphology and stresses of
a two-dimensional cluster formed by N interacting active
particles confined by a harmonic potential under shear.
Performing analytical computations for N = 1 and nu-
merical simulations for N > 1 particles, we found that
the average of
∑N
i=1 xiyi under shear is nonnegative and
larger compared to passive particles. We also found that
increasing the persistence of active particles (decreasing
Dr) or adding alignment interactions between the parti-
cles increases the response to shear, so that the magni-
tudes of the found stresses increase.
Future work may consider the limit of zero transla-
tional diffusion, as well as the viscosity of a suspension
of active Brownian particles. Finally, the extension to
higher order responses is also a promising avenue to ex-
plore, since this could, for example, shed light on the
coupling between shear translation and shear rotation.
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Appendix A: Detailed computation of the response in Subsec. IVB
This Appendix sets out the necessary steps to compute all terms of Eq. (31) explicitly.
1. Computation of the left-hand side of Eq. (31)
First, one can show that
〈cosϕ(s1) cosϕ(s2)〉(γ˙)st = 〈sinϕ(s1) sinϕ(s2)〉(γ˙)st =
1
2
cos
{
γ˙
2
[s1 − s2]
}
e−Dr|s1−s2| (A1)
and
〈cosϕ(s1) sinϕ(s2)〉(γ˙)st =
1
2
sin
{
γ˙
2
[s1 − s2]
}
e−Dr|s1−s2|, (A2)
in agreement with Ref. [48]. For the unsheared correlators, we hence have
〈cosϕ(s1) cosϕ(s2)〉st = 〈sinϕ(s1) sinϕ(s2)〉st =
1
2
e−Dr|s1−s2| (A3)
and
〈cosϕ(s1) sinϕ(s2)〉st = 0. (A4)
Results (A1) – (A4) do not depend on the initial angle ϕ(−∞), because we consider stationary correlation functions,
i.e., we let the angle to evolve from far away in the past [−∞ limit in Eq. (30c)] such that the initial angle is forgotten.
We note that this limit does not commute with the limit Dr → 0. This is physical, because for times smaller than 1Dr
a particle remembers its initial orientation.
Due to Eq. (A4),
〈xy〉st = 0, (A5)
as in the case of a trapped passive particle. This result is intuitive, because the unsheared system is xy symmetric and
the particle moves around the origin. For 〈x(t)y(t)〉(γ˙)st linear in γ˙, the relevant nonzero correlators are those given by
Eqs. (A1) and (A2) linear in γ˙ and 〈fy(s1)fy(s2)〉 = 2Dtµ2t δ(s1 − s2). The contribution of correlator (A2) is, however,
zero due to the symmetry of time integrals containing it. Multiplying solutions (30a) and (30b), inserting the above
mentioned correlators, and performing the integrals, one obtains result (32).
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2. Computation of the right-hand side of Eq. (31)
For the right-hand side of Eq. (31), we need the following correlation functions: 〈x(t)y(t)x(t′)y(t′)〉st and〈x(t)y(t) cosϕ(t′)y(t′)〉st, where t ≥ t′. For 〈x(t)y(t)x(t′)y(t′)〉st, the relevant nonzero correlators are those given
by Eq. (A3), 〈fx(s1)fx(s2)〉 = 〈fy(s1)fy(s2)〉 = 2Dtµ2t δ(s1 − s2), and
〈cosϕ(s1) sinϕ(s2) cosϕ(s3) sinϕ(s4)〉st =
1
8
exp
{
−Dr
[
s1 + s2 + s3 + s4 + 2 min(s1, s2)− 2 min(s1, s3)
− 2 min(s1, s4)− 2 min(s2, s3)− 2 min(s2, s4) + 2 min(s3, s4)
]}
+
1
8
exp
{
−Dr
[
s1 + s2 + s3 + s4 − 2 min(s1, s2)
− 2 min(s1, s3) + 2 min(s1, s4) + 2 min(s2, s3)− 2 min(s2, s4)− 2 min(s3, s4)
]}− 1
8
exp
{
−Dr
[
s1 + s2 + s3 + s4
− 2 min(s1, s2) + 2 min(s1, s3)− 2 min(s1, s4)− 2 min(s2, s3) + 2 min(s2, s4)− 2 min(s3, s4)
]}
, (A6)
where min(s1, s2) = s1 if s1 < s2 and min(s1, s2) = s2 if s2 < s1. Note that the second term in Eq. (A6) equals minus
the third one with either s1 and s2 or s3 and s4 interchanged. This leads to cancelation of these terms being integrated
over either s1 and s2 or s3 and s4 in the same range. Therefore, these terms do not contribute to 〈x(t)y(t)x(t′)y(t′)〉st
or to 〈x(t)y(t) cosϕ(t′)y(t′)〉st. The final result for 〈x(t)y(t)x(t′)y(t′)〉st reads as
〈x(t)y(t)x(t′)y(t′)〉st =
D2t
(µtk)
2 e
−2µtk(t−t′) +
v20Dt
(µtk)
2
[
D2r − (µtk)2
] {Dre−2µtk(t−t′) − µtke−(Dr+µtk)(t−t′)}
+
v40
8(µtk)
2
[
D2r − (µtk)2
] [
4D2r − (µtk)2
]
[3Dr − µtk] [Dr + 3µtk]
{
2D2r [3Dr − µtk] [4Dr + 5µtk] e−2µtk(t−t
′)
− 12Drµtk
[
4D2r − (µtk)2
]
e−(Dr+µtk)(t−t
′) + (µtk)
2
[Dr − µtk] [Dr + 3µtk] e−4Dr(t−t′)
}
, (A7)
where the first term is the result for a passive particle, the second term results from coupling between active motion and
translational diffusion, and the third term is a purely active contribution. For 〈x(t)y(t) cosϕ(t′)y(t′)〉st, the relevant
nonzero correlators are 〈fx(s1)fx(s2)〉 = 〈fy(s1)fy(s2)〉 = 2Dtµ2t δ(s1 − s2) and those given by Eqs. (A3) and (A6). We
get
〈x(t)y(t) cosϕ(t′)y(t′)〉st =
v0Dt
2µtk
[
D2r − (µtk)2
] {2Dre−2µtk(t−t′) − (Dr + µtk) e−(Dr+µtk)(t−t′)}
+
v30
8µtk
[
D2r − (µtk)2
] [
4D2r − (µtk)2
]
[3Dr − µtk] [Dr + 3µtk]
{
4D2r [3Dr − µtk] [4Dr + 5µtk] e−2µtk(t−t
′)
− 6Dr
[
4D2r − (µtk)2
]
[Dr + 3µtk] e
−(Dr+µtk)(t−t′) + µtk [Dr − µtk] [2Dr + µtk] [Dr + 3µtk] e−4Dr(t−t′)
}
. (A8)
Using Eqs. (A7) and (A8), we find for the three terms on the right-hand side of Eq. (31)
γ˙
4Dt
〈x(t)y(t) [x(t)y(t)− x(0)y(0)]〉st =
γ˙Dt
4(µtk)
2
(
1− e−2µtkt)+ γ˙v20
4(µtk)
2
[
D2r − (µtk)2
]{Dr (1− e−2µtkt)
− µtk
(
1− e−(Dr+µtk)t
)}
+
γ˙v40
32Dt(µtk)
2
[
D2r − (µtk)2
] [
4D2r − (µtk)2
]
[3Dr − µtk] [Dr + 3µtk]
×
{
2D2r [3Dr − µtk] [4Dr + 5µtk]
(
1− e−2µtkt)− 12Drµtk [4D2r − (µtk)2] (1− e−(Dr+µtk)t)
+ (µtk)
2
[Dr − µtk] [Dr + 3µtk]
(
1− e−4Drt)}, (A9)
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− γ˙v0
2Dt
∫ t
0
dt′〈x(t)y(t) cosϕ(t′)y(t′)〉st = −
γ˙v20
4(µtk)
2
[
D2r − (µtk)2
]{Dr (1− e−2µtkt)− µtk (1− e−(Dr+µtk)t)}
− γ˙v
4
0
16Dt(µtk)
2
[
D2r − (µtk)2
] [
4D2r − (µtk)2
]
[3Dr − µtk] [Dr + 3µtk]
×
{
2D2r [3Dr − µtk] [4Dr + 5µtk]
(
1− e−2µtkt)− 6Drµtk
Dr + µtk
[
4D2r − (µtk)2
]
[Dr + 3µtk]
(
1− e−(Dr+µtk)t
)
+
(µtk)
2
4Dr
[Dr − µtk] [2Dr + µtk] [Dr + 3µtk]
(
1− e−4Drt)}, (A10)
γ˙µtk
2Dt
∫ t
0
dt′〈x(t)y(t)x(t′)y(t′)〉st =
γ˙Dt
4(µtk)
2
(
1− e−2µtkt)+ γ˙v20
4(µtk)
2
[
D2r − (µtk)2
]{Dr (1− e−2µtkt)
− 2(µtk)
2
Dr + µtk
(
1− e−(Dr+µtk)t
)}
+
γ˙v40
16Dt(µtk)2
[
D2r − (µtk)2
] [
4D2r − (µtk)2
]
[3Dr − µtk] [Dr + 3µtk]
×
{
D2r [3Dr − µtk] [4Dr + 5µtk]
(
1− e−2µtkt)− 12Dr(µtk)2
Dr + µtk
[
4D2r − (µtk)2
] (
1− e−(Dr+µtk)t
)
+
(µtk)
3
4Dr
[Dr − µtk] [Dr + 3µtk]
(
1− e−4Drt)}. (A11)
Adding the right-hand sides of Eqs. (A9) – (A11) together, one finds that the terms proportional to
γ˙v40
Dt(µtk)
2 cancel
and the rest gives Eq. (32). This completes our check of Eq. (31).
In addition, we also checked that 〈x(t)y(t) cosϕ(t′)y(t′)〉st = 〈x(t)y(t) sinϕ(t′)x(t′)〉st, thereby confirming, for this
specific example, our statement in Subsec. III D regarding the fact that the terms cosϕi(t
′)yi(t′) and sinϕi(t′)xi(t′)
in Eq. (20) give identical contributions.
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